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The process p,+ p,® p, +... + p, depends on 3n-4
essential variables (see chapter 1) and can be described
In numerous ways. Let’s here concentrate on 2 methods
that with some modifictions are the descriptions used in
modern HEP event generators. It is possible to visualize
a multi-particle reaction as  (E.Byckling &
taking place via resonance  KKaante)
formation & decay. In the
intermediate state, there
are unstable particles,
which successively decays
to others & eventually form
the final state particles. The
alternative is to use a multi-
peripheral mechanism,
implying the dominance of a diagram
of the type exhibited in the 2" figure.
Regardless of the actual validity of
such dynamical ideas, we shall show
that kinematically an n- particle final
state can always be subdivided into
simpler processes. This means that
the phase space integral R, can be _

. . (E.Byckling &
recursively expressed in terms of RS, k kajantie)
where | <n. The 2 methods needs to be seperated since
In the 15t one, all the intermediate systems occuring have
timelike total four-momenta & hence one can go to their
rest frames and parametrize vectors by spherical angles.
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In the 2" case, particles a & b do not join to the graph at
the same vertex, and there is at least one line which is
connected to one initial & one final state 4- momentum.
Starting at one incoming momentum, the total energy s
can only be fixed when one has reached the other initial
state momentum in the graph, imposing a complicated
constraint on the variables between p, & p,. Also inter-
mediate state momenta may now be spacelike (see e.g.
DIS) & some of the appropriate variables are now boosts.

The simplest possible recursion relation is based on the
physical picture of sequential decay (see figure below):

— A d3— 49 0 d3|_3
Rﬂ(p)‘CDZEO e 8(p L a pg OERn-l(p- .)
R ,is only a function of MZ , =(p- pn) =(p,+...+ P, ° K2,
M, , is ofcourse the invariant mass of the system formed
by particles 1, ..., n- 1. Since R, is a function of only 1
variable, it is most natural to take M, , as a variable of
integration. When the following is inserted in integrand:

(\er?-ld(Mr?-l_ kr?-l):]“(\jl4kn-1d4(p' Po-kKe)=1 P R(MJ)=
CYME 0% O PrcE - M2 ol - )G (p- - K DR, (M2

(E.Byckling &
K.Kajantie)
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(Mn_ rnn)2

R(M2) = C\);M 2 Ry(Ko;k2. 1, POR,.1(M2.)

(M- m,)?

G G ot NS o

where m=m, +...+ m. Thresholdsgive ¢, EM_ _;EM_ - m,
So R, can be expressed as a product of R, describing the
decay p® p,+ k., & R, ; describing the decay k, ; ®

p, +.... + p, , Integrated over all possible values of the
invariant mass M,_,. To proceed, we iterate the above
steps to obtain a relation corresponding to the entire
chain. Let’s use M, instead of M;2 as variable. Then

n

1 \M”-m” \MB'm3 N
Rn(MZ):ZM q dMn_lde_léPn...Q szdWZ%Pdel%pz,

n

where B =4/ (MZM2,mP) /2m,.
The 3n- 4 essential variables now consists of 2 types:
(i) Nn- 2 invariant masses M;,, M2 =k?,i =2, .., n-1,
defined the masses of the intermediate states.
(i) 2(n-1) angles g,, f; iIn W, = (cosgqg;, f;),1 =1, ..., n-1.
These define the direction of k =-p,, In the rest frame

(E.Byckling & k., =0 of the decay Kt
K.Kajantie) ® p;,, + K (see figure).
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The equation can be used as basis for a generator. Let’s
examine 2 special cases: (i) all m = 0, equivalent with the
asymptotic limit, M_ (or s) ® ¥ (the "ultrarelativistic” case):

R{N 2) — 2 _wgn-l "
RF(M7) =R, (sm _0)_e5f3 (h-Di(n- 2

(i) M, (ors) ® m, = Sm (the "non-relativistic” case):

(2p®)(mvi2 YPiLm (3n-5)/2
R(M2) =R (sm)= WS- S,
? s 2d2 (n- }{SLm) ( ) m)

A radically different relation for R is obtained by
exploiting the freedom of choosing the variables of the
intermediate R’s in a tree diagram. If the direction of p,
Is chosen as the z- axis, then the scattering angle, q,, ,,
of the process p, + p, ® k, ; + p, can be replaced by
the corresponding momentum transfer (see figure below).

t..=(pP,- kn-1)2 = m§ + Mr?—l - ZEakr?—l t ZPa(n)Kn-lcOSQn-l,
where B =1 (MZmE,nE) /2M, & K, =yl (M2M2 n7)/2m,

(E.Byckling &
K.Kajantie)
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When cosgq,, , is replaced by t, ;, the range -1 £ cosq,, ,
£ lis transformedto a M, 1—dependent ranget,  £1
£1t, ", where the speC|f|c values of t,_,*are solutions to
G(n- 1)° G(s,t_,,m?,m?,ny, Mn 1) 0. Interms of t

RMD= Y AME, O s O Rt M it )

q nldn 1@ n14\//(|\/|n’rna rno)
where R, ; has to be regarded as a function of t_;, since
t. , is the (mass)? of one of the initial particles leading to
R, ;- To iterate, we must apply the same equation for R,
remembering that m,? ° t, now has to be replaced by t,, ;.

If we also take M, as a variable instead of M 2 we obtain
WM,-m) Me-my)

00 G O O ORGP
45(2) dtl(jfl,where po :‘//(Mi ,q,mg)/zmi & t=giq=p,- k

In this equation, R, can takes a (F-Byckling & K. Kajantie)
form in which multiperipheral
momentum transfers t, appear as
variables. That might be a more
convient starting point for Monte
Carlos than previous expression.
One may also further replace the
azimuthal angles f; in the above
expression by invariants, which
turns out to be equivalent to the
2- particle subinvariant masses s.

n-1
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Lepton-hadron scattering at sufficiently high energies
create a large number of final state hadrons & such
reactions are called Deep Inelastic Scattering (DIS).
The reaction can generally be writtenasa+ N® b+ X,
where X stands for a hadronic system with an arbitrary
number of particles, N a nucleon and a & b are leptons.
As an example is electro-

magnetic electron- proton (von Schiippe)
DIS shown in the figure. The

probe can either be electro-

magnetic (g, neutral (Z°)

or charged (W) current.

To describe DIS reactions, we denote the 4- momentum
of the incoming lepton by k = (E,0,0, k), that of the target
nucleon P and those of the scattered electron & hadronic
system by k' and P’, respectively. The exchanged boson
has the 4- momentum g = k— k. Convervation of the 4-
momentum gives k+ P =K + P’. Since DIS- energies are
at least a few GeV, the lepton masses can safely be set =
0. Then the 4- momentum transfer squared g2= (k- k')2 »

- 2EE’(1- cosg) £ O, i.e. the exchanged boson is spacelike.

The invariant W2 = P’2 js DIS- variable since the hadronic
system can have variable multiplicity. The kinematics of
a DIS reaction is therefore determined by 3 independent
invariants rather than 2 as in the case in 2 ® 2 scattering.
The reaction is called "deep” since —¢? » m? & inelastic
since final state X not just a nucleon (& usually W2 » m?).
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A natural choice of one of these invariants is S= (k + P)?
= my? + 2k xP, which is defined the experimental setup.
The 2" invariant is usually chosen to be the negative (4-
momentum transfer)?, Q2 = - g2= 4EE’ cos*(g/2). The 3
independent invariant can be taken to be W or one of the
dimensionless variables x=Q?/(2Pxq) or y = (P>q)/(k xP).
The invariant x is called Bjorken- x and gives the fraction
of the nucleon momentum carried by the involved parton.
The variable y has a simple physical meaning in TF:
y=1-ET/ET i.e. the relative energy loss of the lepton.

In fixed target DIS, S= m? + 2mE,, whereas in a lepton-
proton collider like HERA S= 4 EE,. Note following useful
DIS variable relations Q2 » xyS & W2 » m? + Q4(1/x - 1).
Within the parton model framework, the process can be
viewed as below with the lepton- quark collision as the
hard subprocess. If we think of the incoming lepton and
nucleon as travelling in opposite directions, then at suffi-
ciently high momenta,

the energy of the quark (von Schlippe)
Is the same fraction of the

nucleon energy i.e. X. Then

the subprocess invariant

s=(k+p2=x§

where p (= xP)

IS the 4- momentum of the incoming quark.

One is naturally interested in the parton content of the
proton (to be able to describe e.g. proton- proton processes).
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The proton content is described by the parton distribution

functions (pdf’s) that gives the momentum distribution in
the proton separately for each partons species (e.g. for a
(anti)quark flavour or gluons). The kinematics of the parton
process is controlled by 2 variables, x & Q? so then also
the proton pdf's f(x, Q?) are functions of both x & Q2.
Below is shown the underlying physics reasons for the
experimentally observed shape of the valence quark pdf.

(F.Halzen
& A.Martin)
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The cross section for neutral- current & charged- current
reactions can be written in terms of 3 structure functions:

d’s" _4pa® e mx°y? O i & Yo i
dxd =2 zhii.llél' y- — Y = +y° xR £Gy- y;:X 3y

where ii = g gZ, Z corresponds to neutral- current, I(n) + N
® I(n) + X, processes & ii = Wto charged- current, I1(n) +
N ® n(l) + X, processes. The structure functions, F/, are
functions of x & Q2. In the last term, the + & - sign is for
reactions with incoming lepton & antilepton, respectively.
The factor A, is the ratio of the corresponding propagator
& coupling to the photon propagator & coupling.

2 2
_1 hgz éG mZ Q _h h2 h —_ FmN Q g
2par2 Q*+g 4pa Q*+mj, 5

In the parton model interpretation, the structure functions
Fj“ (x, Q%) can be expressed in terms of the quark pdf’s.

=xSe(q+); B =xS2qv,(q+0); Y =xS(; +a)(G+0)
R =0; R =S28a,(d- 8); i =S,a,(a- 9 2R =R,

where g, is the electric charge, v, (= t%2- 2¢,sin’q,) the
vector coupling & a, (= £%2) the axial vector coupling of
quark g. The F"W- (x, Q?)- pdf relations are the following:

PV =2x(u+d +5+c.); R =2(u- d - s+c.); 2x/V =",

where only active flavours are to be included. The F"*'s
obtained by interchanges d « u& s« cin F¥-formula.
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The parton model predicts that the structure functions F;'
converge at fixed x when Q2 ® ¥ however this is violated
because of hard gluon radiation. This scale-dependence
IS predicted in perturbative QCD via "DGLAP”-equations:

ﬂ:TCIInng - asépn%) Qd_zz Pa(2)(a (x/2.Q%) - §(x/2.Q2)

T a&q +q)9: a,(nf) ey ZNFPQQQA G +q)9
Tinnf 9 g 20 ghy Po o 9 g
where P;(2) gives the
probability forai ® |
splitting with momentum
fraction z. Note that even
if QCD can predict the
evolution of pdf's from a
particular scale, 3, it cannot predict them at any mwithout
having experimental measurements as inputs.

leads to softer

Qualitative pdf's & larger
effects of number of partons.
DGLAP: large- x: valence

guarks dominate,
small- x: gluons.
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The pdfs determined using an iterative procedure based
on a functional ansatz combined with DGLAP evolution &
experimental data. Several determinations exist: notably
CTEQ & MRST. Both use a very wide data, x & Q? range.

—_ MRST2001, 4’=10 GeV?

(PDG2004) The output are
pdf's for different
flavours at some
X & Q2 as the
distribution here
to your left.

In hadron- hadron collisions, usually pdf's are one of the
largest uncertainties in measurements of cross sections,
etc ... (at best known they are known to 5-10 % but in certain
corners of the Q- X plane the uncertainty can be much larger).
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For pointlike spin-z fermions, the CMF differential cross
section for etfe ® ff via single g exchange (N. = 1 (leptons)
or 3 (quarks), g = angle between incoming & & produced f) Is:

_ 2
g—\‘jv(e+e' ® ff)= Nci—squ 1+cosqg +(1- b?)sin?gl,

where b is the velocity of the final state fermion in CMF
and Q; is the charge of the fermion. For b® 1, s = 4pa?
N. Q¢ / 3s. At higher energies, the Z° must be included.
If the mass of a fermion f is much less than the mass of
the Z9, then the differential cross section for e'e ® ff is

2

j—jv(@e' ® Z2°/g® ff)= Nci—s{(1+ cos’q)[Q? - 8c,vv,Q, +
16¢,(a +V2)(a +V)] + 2cosq[- 8¢,2.2,Q, +64c,3.3,vv, ]},

1 - M? - M?

Where CJ{Z] = 2 P2 2 2 S(S Z)z[fl(s 2 22)]
16°](sin*g, cos’q, )" (s- M;)*+M,G

v, =T, - 2Q, sin?q,,; T, =4(- ) for up(down) - type q's& n(charged I's)

,a, =T,

3L7?

(PDG2002)
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The parton fragmentation function D."(x, Q%) describes the
probability to produce a certain hadron h from the parton |
(=q,q... g) & are analogous to the pdf’'s obtain from DIS.

In the fragmentation function x represents the fraction of

the partons momentum carried by a produced hadron h,

whereas in the pdf, it represents the fraction of a original
hadrons momentum carried by the constituent parton.

Q2 describes the energy scale at parton production (= Cs)
instead of the momentum transfer as for the pdf's in DIS.

The fragmentation functions D;"(x, Q?) exhibit similar
scaling violations as the pdf's f.(x, Q) from DIS and their
Q? evolution is described by similar "'DGLAP”- equations:

ﬂDi(X1Q2) — o \1d2i
e A Q7

J

P.i(z.a;)D;(x/z,Q%),

aS
where P, (za,)=P{”(za,) +5Pj(i1)(z,as) + o

The lowest- order functions P,(©(z) are the same as those
for the pdf's of DIS but higher- order terms are different.

Note that the splitting function now is P, rather than P,
since D; describes the fragmentation of the final parton.

So P; is the probability for parton i to transfer into parton j.

The effect of the Q? evolution is the same as for DIS pdf’s:
x- distribution shifted towards lower values for larger Q?'s.
The P;'s contain singularities at z= 0 & z=1, which have
important effects on fragmentation at small & large x, for
details see O. Biebel, P. Nason & B.R. Webber, hep-ph/0109282.
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The parton fragmentation function D,"(x,s) are usually
determined from the e*e fragmentation functions Fh(x,s).

F'(x,8) =

—(e'e ® hX)= C (s z,a,)D,'(x/zs),
p—— ) aQ7< )D/'(x/2,5)

where C,(s;za,)=9,(s)d(1- 2)+0(a;) & Cy(sza;)=0(a,)

and g(s) is the appropriate (e.g. q) electroweak coupling.

The ete
fragmentation
functions for
all charged
particles for
different GCs.
The influence
of scaling
violations can
be seen.
Larger Cs
shifts the

X- distribution
towards
smaller x’s.
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In ete ® gZ° ® hX, the differential distribution w.r.t. to x
& the angle g between the hadron h and the incoming e*:

1 d%
S,y dxdcosg

where F (x,5) & F(X,S)
are the longitudinal &
transverse fragmentation
functions that represents
the contributions from
virtual bosons that are
longitudinally or
transversely polarized
w.r.t. to the direction of
the motion of the hadron.

(e'e ® hX) :§(1+ cos”q) FT(x,s)+%sin2q F (X,9),

The gluon fragmentation
function D,(x) can be
extracted from the
measured F(x) & F (X)
since the coefficient
functions C’'sof q& @

are related at order O(a,).

1
N e 4

2p Z a ﬂ 3
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The fragmentation of heavy quarks (c & b) is a separate
case since the heavy flavoured hadron will retain a large
fraction of the momentum of the original quark, in the limit
of infinitely heavy quarks, the fragmentation function becomes d(1- x).
Considerably larger than when light quarks fragment.

If the heavy quark is produced at momenta much larger
than its mass, large perturbative effects are expected.

The inclusion of non-perturbative effects is in practice
done by convoluting the perturbative result with some
phenomenological model. Below some popular ones:

Petersoneta.: Dy(X) U — lg 1 —
Xe

Kartvelishvilietal.: Dg(x) 1 x*(1- X)

.a b 2 0
Lund - description: Dy (X) lxa g_xg exps- o 5
X g 8 X 5

where e a & b are
guark dependent
parameters
parametrizing the
non- perturbative
effects. On the left
the experimental
measurement of

the fragmentation
function for b- quarks.
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Hadron-hadron interactions

protons complex objects: (R.Field)
partonic

substructure:

quarks & gluons

hard scattering
processes (large
momentum transfer):

quark-quark
guark-gluon scattering or annihilation
gluon-gluon

at parton level

However: hard scattering (i.e. high p; processes) represent
only a tiny fraction of the total inelastic pp cross section.

e.g. total inelastic cross section ~80 mb at Gs = 14 TeV.

Dominanted by events with small momentum transfer of
which there are essentially two types: minimum-bias (color
exchange) & diffractive events (no exchange of quantum numbers).
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Inelastic low p; hadron-hadron collisions

Most interactions due to interactions at large distance
between incoming protons where protons interact as
“a whole” ® small momentum transfer (Dp » 4 /Dx)

® particles in final state have large longitudinal
momentum but small transverse momentum.

<p;>»0.5GeV (of charged particles in final state)

These are called minimum-bias events (“soft” events).
They are a large fraction of the total cross section e.g.
~60 mb at Gs = 14 TeV. They are perhaps not very
interesting in themselves but needs to be understood.
Cross section so huge that they overlap normal
collisions (“pile-up”) & change measured quantities.

s _F
A a7
S arge flo The charged
3 particle & the
3 ‘ CMS, ATLAS energy flow
B — In an average
§ ° 5 " TIHC, ineTasti collisions - LHC proton-
g+ | L Energy tlow proton collision.
‘ TOTEM + CMS + CASTO .
: < > The acceptancies
G of the baseline
C.B ; CMS, ATLAS ATLAS & CMS
22; 5_ H_H_ JH_A experiments are
0 also indicated.

710 ?5 75 25 0 25 5 ?5 ’ID
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Diffractive processes

Another large part of the total cross section are diffractive

processes, where non-colored objects are exchanged
(often refered to as "Pomerons”, nowadays described by gluon systems)

Diffractive events characterized by "rapidity gaps” (void of particles)

elastic scattering ~30 mb, single diffraction ~14 mb &
double diffraction ~7 mb; in total ~50 mb at CGs = 14 TeV.

%
~__ - |
elastic scattering P 0
p o . | | | |
13 . ® . L]
- 0 . P /p L LI [ ]
single dlffractlon\ P o %. Lo
/P/ = : : : ) .

e[ .. =
B . .. e e
double diffraction/ P ...
P -

Double :;ﬁr; /(’ip;] o . 'g. . 'g
Pomeron --;: lpé’"( o o :
(Photon) /JET\ y
Exchange s £

{ion) {ion) -0 -5 ¢ H 10 ki

o
T

L]

»

. —_EF . .
Multi - . . .
. .
Pomeron === o e oo . .
Exchange =% . . . .
iz . .,
)v/ § s .,' 5 . p .
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Inelastic high p; hadron-hadron collisions

Proton beam can be seen as a beam of quarks & gluons
with a wide band of energies. Occasionally occurs hard
scattering between constituents of incoming hadrons.

Constituents carry a fraction 0 < x < 1 of the proton momentum.

X P \/_/be

a

——>— —
4+—

P ° momentum of incoming hadron

The effective center-of-mass energy & usually
much smaller than Cs. if X, » X,

P, = X,P Ja= s 3 x5
Py =%, Pg

to produce a mass of:

LHC Tevatron
100 GeV: x~0.007 X ~0.05
1TeV: x ~0.07 x~0.5

These are interesting physics events but they are rare.

u
eg.u+d® W W

s (pp ® W) » 150 nb » 10°6s,, (pp)
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Hadron-hadron interactions

/

Photon, W, Z etc.

»

Underlying
event

Specific features:

Jet

u hard scattering s averaged over pdf's

u initial and final states can emit gluons

u colored final states fragment to form “jets”

u underlying event from proton/antiproton remnants

Fragmentation (hadronization):

u quarks & gluons produce lots of
radiation (a is large!) & recombine to
form colorless spray of almost

collinear hadrons: a jet.

u jets are the experimental signature
of quarks or gluons and is seen as
localized calorimeter energy deposits.

u jet energy ! parton energy due to
missing particles (e.g. n's, low p; & out
of cone particles), overlapplng particles
(from underlying event or other jets) &

At hadron colliders
jets usually formed
using simple cone
algorithms (R » 0.4)

R=J(Dh)2 +(Df)?
|
I%

|
|
|
l

”” colorless states
>"~ hadrons

especially the calorimeter response. outgoing parton
Corrections based on averages Hard scatter
applied to the measured jet energy.
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e Cross-section:

S O hard scatteri Nng Cross-section

f. (x, Q%) © parton distribution function

parton distribution
functions
measured in DIS &
hadr on-hadron collisions

(R.Field) /

guark & gluon
fragmentation functions
measured mostly in eter
collisions; modeled by
fragmentation MC

AN

quark & gluon
Cr 0ss-sections

calculablein
QCD
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